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Abstract
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1 Introduction

Let T be a continuous self map linear operator on a Banach space X . One
of the classical operator theoretic problems for T is to identify the relation
between the size of the resolvent (T − λI)−1 when λ is near to the spectrum
of T and the growth of ‖T n‖, n ∈ N, where T n denotes the nth iterate of T ,
that is the operator T is composed to itself n times, and I = T 0 is identity
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map. An early study to the growth of ‖T n‖ was made by Ritt [14] with the
following condition (1), called Ritt’s resolvent condition,

‖(T − λI)−1‖ ≤ C

|λ− 1|
, |λ| > 1, (1)

where C is a given constant. Later in [5], Kreiss studied under the assumption
that T satisfies the following condition (2), called Kreiss resolvent condition,

‖(T − λI)−1‖ ≤ C

|λ| − 1
, |λ| > 1. (2)

Since Ritt’s resolvent condition is stronger than Kreiss resolvent condition, any
operator which satisfies (1) satisfies also (2). But the converse in general is not
true (see for example [2]). Both Ritt and Kreiss resolvent conditions have an
application in the stability analysis of numerical processes for solving initial
value problems [2].

A result in [14] shows that, if an operator T satisfies (1), then ‖Tn‖
n

goes
to zero as n → ∞. This is also the case for the Kreiss resolvent condition
if the space X is infinite dimensional (see [17]). On the other hand, if the
operator T is power bounded, that is there exists a positive constant C such
that ‖T n‖ ≤ C, ∀n ∈ N, then T satisfies the condition in (2). Whereas, power
boundedness of T in general does not imply the condition in (1). But, a result
in [13], obtained by Nagy and Zemanek, and independently by Lyubich [8],
shows that T satisfies the condition (1) if and only if it is power bounded and

sup
n≥1

n‖T n+1 − T n‖ <∞. (3)

Power boundedness and Ritt’s resolvent condition have been investigated for
different operators acting on different Banach space of analytic functions. We
mention some works on the Fock type space. Seyoum, Mengestie and Bonet
[16] studied power bounded and other dynamical properties of composition
operators on the generalized Fock space, showing that a bounded composition
operator is power bounded. The result in [10] also shows that a non identity
bounded composition operator on the Fock space satisfies Ritt’s resolvent con-
dition if and only if it is compact. One can see the material in [15] for similar
works for weighted composition operators. Recently in [1], Bonet, Mengestie
and the second author of this paper studied different dynamical properties, in-
cluding power boundedness and Ritt’s resolvent condition, for differentiation,
Hardy and Volterra-type integral operators on the generalized Fock space with
weight function |z|m,m > 0.

In the present paper, we study power bounded and Ritt’s resolvent condi-
tion for generalized Volterra companion operators on the Fock space.
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2 Preliminaries

Let g and ϕ be entire functions on the complex plane C. Then the generalized
Volterra companion operator, J(g,ϕ), induced by g and ϕ is defined by

J(g,ϕ)f(z) =

∫ z

0

f ′(ϕ(ζ))g(ζ) dζ. (4)

In particular, when ϕ(ζ) = ζ, J(g,ϕ) is just the Volterra companion operator,

Jgf(z) =

∫ z

0

f ′(ζ)g(ζ)dζ.

The operator was first introduced by Li and Stević in [6, 7], and has found an
application in the study of linear isometries of spaces of analytic functions [4].
Li and Stević studied bounded and compact property of the operator acting
between space of analytic functions on the unit disk. Later in [9], Mengestie
has considered the operator on Fock spaces.

It is easy to see from (4) that the nth iterate of J(g,ϕ), by induction, is given
by

Jn(g,ϕ)f(z) =

∫ z

0

( n−1∏
i=0

g(ϕi(ζ))
)
f ′(ϕn(ζ))dζ,

for each positive integer n, where

ϕi = ϕ ◦ ϕ ◦ ϕ ◦ · · · ◦ ϕ︸ ︷︷ ︸
i−times

and ϕ0 is the identity map on the complex plane C. Thus, Jn(g,ϕ) itself is a
generalized Volterra companion operator induced by the pair of entire functions
(gn, ϕ

n), where gn(ζ) :=
∏n−1

i=0 g(ϕi(ζ)) and ϕn, for ϕ(ζ) = aζ + b with |a| ≤ 1,
is

ϕn(ζ) =

{
anζ + b(1−an)

1−a , a 6= 1

ζ + nb, a = 1.

We next recall that the Fock space Fp, 1 ≤ p ≤ ∞, is the space of entire
functions f such that the norm given by

‖f‖Fp :=


(

p
2π

∫
C |f(ζ)|pe− p2 |ζ|2dm(ζ)

) 1
p

, 1 ≤ p <∞

supζ∈C |f(ζ)|e−
|ζ|2
2 , p =∞
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is finite, where dm denotes the Lebesgue area measure. This norm can be
expressed in terms of the Littlewood-Paley type derivative formula (see [3, 11])
as follows:

‖f‖Fp '


(
|f(0)|p +

∫
C |f

′(ζ)|p(1 + |ζ|)−pe− p2 |ζ|2dm(ζ)

) 1
p

, 1 ≤ p <∞

|f(0)|+ supζ∈C |f ′(ζ)|(1 + |ζ|)e−|ζ|2/2, p =∞,
(5)

where the notation A(ζ) ' B(ζ) means both A(ζ) . B(ζ) and B(ζ) . A(ζ),
where A(ζ) . B(ζ) (or equivalently B(ζ) & A(ζ)) means that there is a
constant α such that A(ζ) ≤ αB(ζ), for each ζ ∈ C. Let Kw be a kernel
function for F2, defined by Kw(ζ) = ewζ and belongs to all Fock spaces Fp

with ‖Kw‖Fp = e
|w|2
2 , and kw be the normalized function

kw(ζ) =
Kw(ζ)

‖Kw‖Fp
= ewζ−

|w|2
2 .

3 Main results

We begin the section with the following useful lemma and proposition from
[12] for further use. For simplicity, we define

N(g,ϕ)(ζ) :=
|g(ζ)||ϕ(ζ)|

1 + |ζ|
e

1
2
(|ϕ(ζ)|2−|ζ|2)

and M(g,ϕ) := supζ∈CN(g,ϕ)(ζ).

Lemma 3.1. If N(g,ϕ), where ϕ is nonconstant, is bounded on the complex
plane C, then ϕ(ζ) = aζ + b with |a| ≤ 1. In particular, if |a| = 1, then g has
the form

g(ζ) = g(0)K−ab(ζ). (6)

Proposition 3.2. Let 1 ≤ p ≤ ∞ and ϕ be nonconstant. Then the generalized
Volterra companion operator J(g,ϕ) : Fp → Fp is bounded if and only if M(g,ϕ)

is finite. Moreover,

M(g,ϕ) . ‖J(g,ϕ)‖ . |a|−
2
pM(g,ϕ), (7)

where ϕ(ζ) = aζ + b with |a| ≤ 1.

We may now state our first main result. Note that, if the inducing symbol
function g of J(g,ϕ) is identically zero, then clearly J(g,ϕ) becomes a zero operator
for which many properties hold trivially. Hence, we assume that g is not
identically zero in the remaining part of the manuscript.
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Theorem 3.3. Let 1 ≤ p ≤ ∞ and J(g,ϕ) : Fp → Fp be bounded. Then
ϕ(ζ) = aζ + b with |a| ≤ 1.

(I) For |a| = 1;

(a) If b = 0, then J(g,ϕ) is power bounded if and only if g is constant,
g(ζ) = g(0), with |g(0)| ≤ 1.

(b) If a 6= 1 and b 6= 0, then J(g,ϕ) is power bounded if and only if

|g(0)| ≤ e−
|b|2
2 .

(c) If a = 1 and b 6= 0, then J(g,ϕ) is power bounded if and only if

|g(0)| < e−
|b|2
2 .

(II) For 0 < |a| < 1;

(a) If J(g,ϕ) is power bounded, then |g( b
1−a)| ≤ 1.

(b) If g is constant, g(ζ) = g(0), with

|g(0)| ≤

{
|a|
−2
p , p <∞

1, p =∞,
(8)

then J(g,ϕ) is power bounded.

Proof. (I) (a) From equation (6) and the condition that b = 0, we have g(ζ) =

g(0)K−ab(ζ) = g(0), e
1
2
(|ϕn(ζ)|2−|ζ|2) = 1 and gn(ζ) = (g(0))n. Using this, we

obtain (
|ζ0|

1 + |ζ0|

)
|g(0)|n ≤M(gn,ϕn) ≤ |g(0)|n,

where ζ0 is a fixed nonzero complex number. From this and Proposition 3.2
the conclusion follows easily.

(b) From [15], we have e
1
2
(|ϕn(ζ)|2−|ζ|2) = eRe(a

nb
(1−an)
1−a ζ)+

|b (1−a
n)

1−a |2

2 and

|gn(ζ)| = |g(0)|nen
|b|2
2 e−Re

(
ab

(1−an)
1−a ζ

)
e
Re
(
a|b|2(1−an)

(1−a)2

)
.

Thus, using the fact that anb (1−a
n)

1−a ζ = ab (1−a
n)

1−a ζ for |a| = 1 (see [15]), we get

|gn(ζ)|e
1
2
(|ϕn(ζ)|2−|ζ|2) = |g(0)|nen

|b|2
2 e
Re
(
a|b|2(1−an)

(1−a)2

)
+
|b (1−a

n)
1−a |2

2 .

From this and the following inequalities,

e
− 2|b|2

|1−a|2 ≤ e
Re
(
a|b|2(1−an)

(1−a)2

)
+
|b (1−a

n)
1−a |2

2 ≤ e
2|b|2

|1−a|2
+|b|2 2

|1−a|2
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and
| b
1−a |

1+| b
1−a |
≤ supζ∈C

|anζ+
(
b(1−an)

1−a

)
|

1+|ζ| . |b|
|1−a| , we obtainM(gn,ϕn) ' |g(0)|nen

|b|2
2 .

By Proposition 3.2 and estimate (7) we conclude that J(g,ϕ) is power bounded

if and only if |g(0)| ≤ e−
|b|2
2 .

(c) Similar procedures as in the above proof gives the following estimates,

e
1
2
(|ϕn(ζ)|2−|ζ|2) = e

1
2
(|ζ+nb|2−|ζ|2) = enRe(bζ)+n

2 |b|2
2 ,

|gn(ζ)| = |g(0)|n|
n−1∏
i=0

e−b(ζ+ib)| = |g(0)|n|e−b
∑n−1
i=0 (ζ+ib)|

= |g(0)|ne−nRe(bζ)−n2 |b|2
2

+n
|b|2
2 (9)

and

n|b| ≤ sup
ζ∈C

|ζ + nb|
1 + |ζ|

≤ sup
ζ∈C

|ζ|
1 + |ζ|

+ sup
ζ∈C

|nb|
1 + |ζ|

≤ 1 + n|b|.

Combining the above estimates, we get M(gn,ϕn) ' n|g(0)|nen
|b|2
2 , and hence

by Proposition 3.2, J(g,ϕ) is power bounded if and only if |g(0)| < e−
|b|2
2 .

(II) (a) If J(g,ϕ) is power bounded, then by the estimate in (7),M(gn,ϕn) <∞
and hence ∞ >M(gn,ϕn) & |g( b

1−a)|n. Therefore, |g( b
1−a)| ≤ 1.

(b) Since ϕ(ζ) = aζ + b with |a| < 1, we have |ϕn(ζ)| . |ζ| and hence

e
1
2
(|ϕn(ζ)|2−|ζ|2) is bounded. Moreover, the function |ϕ

n(ζ)|
1+|ζ| is bounded and |gn(ζ)| =

|g(0)|n. Thus, M(gn,ϕn) . |g(0)|n. Since |g(0)| ≤

{
|a|
−2
p , p <∞

1, p =∞,
by Propo-

sition 3.2 we conclude J(g,ϕ) is power bounded.

Corollary 3.4. Let 1 ≤ p ≤ ∞. Then Jg : Fp → Fp is power bounded if and
only if g is constant, g(ζ) = g(0), with |g(0)| ≤ 1.

Theorem 3.5. Let 1 ≤ p ≤ ∞ and J(g,ϕ) be bounded on Fp and hence ϕ(ζ) =
aζ + b, |a| ≤ 1.

(a) If |a| = 1 and |g(0)| < e−
|b|2
2 , then J(g,ϕ) satisfies the Ritt’s resolvent

condition.

(b) If 0 < |a| < 1 and g is constant satisfying the strict version of the
inequality in (8), then J(g,ϕ) satisfies the Ritt’s resolvent condition.
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(c) If a 6= 1 and J(g,ϕ) satisfies the Ritt’s resolvent condition, then one of the
following holds;

(i) b 6= 0 and
∣∣g( b

1−a)
∣∣ ≤ 1.

(ii) b = 0 and
∣∣g(0)

∣∣ ≤ 1.

(d) If a = 1 and J(g,ϕ) satisfies the Ritt’s resolvent condition, then one of the
following holds;

(i) b 6= 0 and |g(0)| = 1.

(ii) b 6= 0 and
∣∣g(0)

∣∣ < e−
|b|2
2 .

(iii) b = 0 and |g(0)| ≤ 1.

Proof. (a) By Theorem 3.3, J(g,ϕ) is power bounded. Thus, it is enough to
show that (3) is satisfied.

sup
n≥1

n‖Jn+1
(g,ϕ) − J

n
(g,ϕ)‖ . sup

n≥1
nβn+1 + sup

n≥1
nβn <∞,

where

βn =

n|g(0)|ne
n|b|2

2 , a = 1 and b 6= 0

|g(0)|ne
n|b|2

2 , otherwise.

Therefore, J(g,ϕ) satisfies the Ritt’s resolvent condition.

(b) The proof follows from Theorem 3.3 and by the same procedure as above.
(c) Suppose J(g,ϕ) satisfies the Ritt’s resolvent condition, then for b 6= 0, using
the formula in 5,

∞ > n‖Jn+1
(g,ϕ) − J

n
(g,ϕ)‖ & n‖Jn+1

(g,ϕ)kw − J
n
(g,ϕ)kw‖Fp & n‖Jn+1

(g,ϕ)kw − J
n
(g,ϕ)kw‖F∞

' n sup
ζ∈C

|wgn+1(ζ)eϕ
n+1(ζ)w− |w|

2

2 − wgn(ζ)eϕ
n(ζ)w− |w|

2

2 |
1 + |ζ|

e−
|ζ|2
2

= n sup
ζ∈C

|w
∏n

i=0 g(ϕi(ζ))eϕ
n+1(ζ)w− |w|

2

2 − w
∏n−1

i=0 g(ϕi(ζ))eϕ
n(ζ)w− |w|

2

2 |
1 + |ζ|

e−
|ζ|2
2

= n sup
ζ∈C

(
|g(ϕn(ζ))eϕ

n+1(ζ)w − eϕn(ζ)w|
)(
|w||

∏n−1
i=0 g(ϕi(ζ))|
1 + |ζ|

e−
|w|2
2
− |ζ|

2

2

)
≥ n

(
|g(

b

1− a
)| − 1

)( |w||g( b
1−a)|n|ew(

b
1−a )|

1 + | b
1−a |

e−
|w|2
2
−
| b
1−a |

2

2

)
≥ n

∣∣ b

1− a
∣∣(∣∣g(

b

1− a
)
∣∣− 1

)∣∣g(
b

1− a
)
∣∣n.
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The last above estimates are by putting w = ζ = b
1−a and the conclusion for

b 6= 0 is obtained from that. The conclusion for the case b = 0 are obtained
putting ζ = 0 and w = 1 in the above last two estimates.

(d) Following similar procedure as above, we have

∞ > n‖Jn+1
(g,ϕ) − J

n
(g,ϕ)‖

& n

(
|g(ϕn(ζ))eϕ

n+1(ζ)w − eϕn(ζ)w|
)(
|w||

∏n−1
i=0 g(ϕi(ζ))|
1 + |ζ|

e−
|w|2
2
− |ζ|

2

2

)
≥ n

(
|g(ϕn(ζ))eϕ

n+1(ζ)w| − |eϕn(ζ)w|
)(
|w||

∏n−1
i=0 g(ϕi(ζ))|
1 + |ζ|

e−
|w|2
2
− |ζ|

2

2

)
,

(10)

for all ζ, w ∈ C. For b 6= 0, putting w = ϕn(ζ) and using the estimates in (6),
(9) and ϕn+1(ζ) = ϕn(ζ) + b for a = 1, (10) is equal to

n

(
|g(ϕn(ζ))eϕ

n+1(ζ)ϕn(ζ)| − |eϕn(ζ)ϕn(ζ)|
)(
|ϕn(ζ)||

∏n−1
i=0 g(ϕi(ζ))|

1 + |ζ|
e−
|ϕn(ζ)|2

2
− |ζ|

2

2

)
= n

(
|g(ϕn(ζ))ebϕ

n(ζ)| − 1

)(
|ϕn(ζ)||

∏n−1
i=0 g(ϕi(ζ))|

1 + |ζ|
e
|ϕn(ζ)|2

2
− |ζ|

2

2

)
= n

(
|g(0)e−bϕ

n(ζ)+bϕn(ζ)| − 1

)
×
(
|ϕn(ζ)||g(0)|ne−nRe(bζ)−n2 |b|2

2
+n
|b|2
2

1 + |ζ|
e
|ϕn(ζ)|2

2
− |ζ|

2

2

)
= n

(
|g(0)| − 1

)(
|ϕn(ζ)||g(0)|ne−nRe(bζ)−n2 |b|2

2
+n
|b|2
2

1 + |ζ|
e
|ϕn(ζ)|2

2
− |ζ|

2

2

)
.

Putting in particular ζ = 0 and ϕn(0) = nb, we obtain

∞ > n2|b|
(
|g(0)| − 1

)
|g(0)|nen

|b|2
2 ,

which yields the conclusion for the case b 6= 0. For b = 0, that is ϕ(ζ) = ζ,
from (10) and putting w = 1 and ζ = 0, we obtain

∞ > n

(
|g(0)| − 1

)
|g(0)|n.

Therefore, |g(0)| ≤ 1 in this case.

We remark that, if ϕ is constant, then it is easy to see from Proposition
3.2 that J(g,ϕ) : Fp → Fp, 1 ≤ p ≤ ∞, is bounded if and only if the function
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|g(ζ)|
1+|ζ|e

−|ζ|2
2 is uniformly bounded over C. Moreover, ‖J(g,ϕ)‖ ' supζ∈C

|g(ζ)|
1+|ζ|e

−|ζ|2
2 .

In this case, we have also Jn(g,ϕ)f(z) =
∫ z
0
f ′(b)(g(b))n−1g(ζ)dζ = J(gn,ϕ)f(z),

where ϕ(ζ) = b and gn(ζ) := (g(b))n−1g(ζ). Therefore, J(g,ϕ) : Fp → Fp,
1 ≤ p ≤ ∞, is power bounded if and only if

sup
n∈N

sup
ζ∈C

|gn(ζ)|
1 + |ζ|

e−
|ζ|2
2 = sup

n∈N
sup
ζ∈C

|g(b)|n−1|g(ζ)|
1 + |ζ|

e−
|ζ|2
2 <∞. (11)

Proposition 3.6. Let 1 ≤ p ≤ ∞ and J(g,ϕ) : Fp → Fp be bounded, where
ϕ(ζ) = b.

(a) J(g,ϕ) is power bounded if and only if |g(b)| ≤ 1.

(b) If g(b) = 1, then J(g,ϕ) satisfies the Ritt’s resolvent condition if and only
if it is power bounded.

(c) If g(b) 6= 1, then J(g,ϕ) satisfies the Ritt’s resolvent condition if and only
if |g(b)| < 1.

Proof. (a) If J(g,ϕ) is power bounded, then from (11), we get

∞ >
(

sup
n∈N
|g(b)|n−1

)
sup
ζ∈C

|g(ζ)|
1 + |ζ|

e−
|ζ|2
2 ≥

(
sup
n∈N
|g(b)|n−1

) |g(b)|
1 + |b|

e−
|b|2
2 ,

which implies that |g(b)| ≤ 1. On the other hand, if |g(b)| ≤ 1, then

sup
n∈N

sup
ζ∈C

|g(b)|n−1|g(ζ)|
1 + |ζ|

e−
|ζ|2
2 . sup

n∈N
|g(b)|n−1 <∞

and hence, by (11), J(g,ϕ) is power bounded.

(b) First observe that

Jn+1
(g,ϕ) − J

n
(g,ϕ) = J(hn,ϕ), (12)

where hn(ζ) = (g(b) − 1)(g(b))n−1g(ζ). Clearly, if g(b) = 1, J(hn,ϕ) is a zero
operator and the condition in (3) holds trivially.

(c) If |g(b)| < 1, then by (a) above, J(g,ϕ) is power bounded, and from (12) and
(11), we have

sup
n∈N

n‖Jn+1
(g,ϕ) − J

n
(g,ϕ)‖ = sup

n∈N
n‖J(hn,ϕ)‖ . sup

n∈N
n
(

sup
ζ∈C

|hn(ζ)|
1 + |ζ|

e−
|ζ|2
2

)
= sup

n∈N
n
(

sup
ζ∈C

|g(b)− 1||g(b)|n−1|g(ζ)|
1 + |ζ|

e−
|ζ|2
2

)
. sup

n∈N
n|g(b)|n−1 <∞.
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Hence, J(g,ϕ) satisfies Ritt’s resolvent condition. On the other hand, if J(g,ϕ)
satisfies Ritt’s resolvent condition, then a similar procedure as above gives

∞ > n‖Jn+1
(g,ϕ) − J

n
(g,ϕ)‖ = n‖J(hn,ϕ)‖ & n sup

ζ∈C

|g(b)− 1||g(b)|n−1|g(ζ)|
1 + |ζ|

e−
|ζ|2
2

≥ n|g(b)|n−1
( |g(b)− 1||g(b)|

1 + |b|
e−
|b|2
2

)
& n|g(b)|n,

from which the conclusion follows.

4 Open Problem

In this paper, we studied power bounded and Ritt’s resolvent growth condition
for the generalized Volterra companion operator. A characterization of mean
ergodic and uniformly mean ergodic properties of the operator remains open.
Recall that, a continuous self map linear operator T on a Banach space X is
said to be mean ergodic if there exists a continuous linear operator P on X
such that

Px := lim
n→∞

1

n

n∑
k=1

T kx, x ∈ X

exists in X . If the convergence is in the operator norm, then T is called
uniformly mean ergodic.
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[7] S. Li and S. Stević, Products of Volterra type operator and composition
operator from H1 and Bloch spaces to the Zygmund space, J. Math. Anal.
Appl., 345 (2008), 40–52.

[8] Yu. Lyubich, Spectral localization, power boundedness and invariant sub-
spaces under Ritt’s type condition, Studia Math., 134 (1999), 153–167.

[9] T. Mengestie, Generalized Volterra companion operators on Fock spaces,
Potential Anal., 44 (2016), 579–599.

[10] T. Mengestie, Resolvent growth condition for composition operators on the
Fock space, Annals of Functional Analysis, 11 (2020), 947–955.

[11] T. Mengestie, Volterra type and weighted composition operators on
weighted Fock spaces, Integral Equations Operator Theory, 76 (1) (2013),
81–94.

[12] T. Mengistie and M. Worku, Topological structures of generalized Volterra-
type integral operators, Mediterr. J. Math., 15 (2) (2018), 1–16.

[13] B. Nagy and J. A. Zemanek, A resolvent condition implying power bound-
edness, Studia Math., 134 (1999), 143–151.

[14] R. K. Ritt, A condition that limn→∞ n
−1T nn = 0, Proc. Amer. Math.

Soc., 4 (1953), 898—899.

[15] W. Seyoum and T. Mengestie, Spectrums and uniform mean ergodicity of
weighted composition operators on Fock spaces, Bull. Malays. Math. Sci.
Soc., 45 (2022), 455–481.

[16] W. Seyoum, T. Mengestie and J. Bonet, Mean ergodic composition oper-
ators on generalized Fock space, Rev. R. Acad. Cienc. Exactas Fis. Nat.
Ser. A Mat. RACSAM, 114 (2020), 1–11.

[17] A. L. Shields, On M’́obius bounded operators, Acta Sci. Math. (Szeged),
40 (1978), 371-374.


