
Int. J. Open Problems Compt. Math., Vol. 16, No. 3, September 2023 
Print ISSN: 1998-6262, Online ISSN: 2079-0376
Copyright ©ICSRS Publication, 2023, www.i-csrs.org

Ideal Convergent Sequences Spaces Over

n-normed Spaces

Sunil Sharma and Ayhan Esi

Department of Mathematics, Cluster University of Jammu, Jammu-180001, J&K 
India

e-mail: sunilksharma42@gmail.com
Malatya Turgut Ozal University, 44040 Malatya, Turkey

e-mail: aesi23@hotmail.com

  Received 20 July 2023; Accepted 19 September 2023

Abstract

In the present paper we introduce some sequence spaces us-
ing ideal convergence and Musielak-Orlicz function M = (Mk)
over n-normed spaces. We also examine some topolog ical
properties of the resulting sequence spaces.
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1 Introduction

The notion of ideal convergence was first introduced by Kostyrko [7] as a gen-
eralization of statistical convergence which was further studied in topological
spaces by Das [1]. Gurdal investigated the relation between I-cluster points
and ordinary limit points of sequence in 2-normed space. More applications of
ideals can be seen in [1] and [2]. We continue in this direction and introduce
I-convergence of generalized sequences with respect to Musielak-Orlicz func-
tion.
A family I ⊂ 2X of subsets of a non empty set X is said to be an ideal in X if

1. ϕ ∈ I,

2. A,B ∈ I imply A ∪B ∈ I,

3. A ∈ I, B ⊂ A imply B ∈ I,
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while an admissible ideal I of X further satisfies {x} ∈ I for each x ∈ X see
[7]. A sequence (xn)n∈N in X is said to be I-convergent to x ∈ X, if for each

ϵ > 0 the set A(ϵ) =
{
n ∈ N : ||xn−x|| ≥ ϵ

}
belongs to I see in [7]. For more

details about ideal convergence sequence spaces (see [8, 12, 14, 15, 16, 17, 18,
20, 24, 25]) and references therein.

The concept of 2-normed spaces was initially developed by Gähler [3] in the
mid of 1960’s, while that of n-normed spaces one can see in Misiak [11]. Since
then, many others have studied this concept and obtained various results, see
Gunawan ([4],[5]) and Gunawan and Mashadi [6]. Let n ∈ N and X be a linear
space over the field K, where K is field of real or complex numbers of dimension
d, where d ≥ n ≥ 2. A real valued function ||·, · · · , ·|| on Xn satisfying the
following four conditions:

1. ||x1, x2, · · · , xn|| = 0 if and only if x1, x2, · · · , xn are linearly dependent
in X,

2. ||x1, x2, · · · , xn|| is invariant under permutation,

3. ||αx1, x2, · · · , xn|| = |α| ||x1, x2, · · · , xn|| for any α ∈ K, and

4. ||x+ x′, x2, · · · , xn|| ≤ ||x, x2, · · · , xn||+ ||x′, x2, · · · , xn||

is called a n-norm on X, and the pair (X, ||·, · · · , ·||) is called a n-normed space
over the field K. For example, we may take X = Rn being equipped with the
Euclidean n-norm ||x1, x2, · · · , xn||E = the volume of the n-dimensional paral-
lelopiped spanned by the vectors x1, x2, · · · , xn which may be given explicitly
by the formula

||x1, x2, · · · , xn||E = | det(xij)|,
where xi = (xi1, xi2, · · · , xin) ∈ Rn for each i = 1, 2, · · · , n. Let (X, ||·, · · · , ·||)
be a n-normed space of dimension d ≥ n ≥ 2 and {a1, a2, · · · , an} be linearly
independent set inX. Then the following function ||·, · · · , ·||∞ onXn−1 defined
by

||x1, x2, · · · , xn−1||∞ = max{||x1, x2, · · · , xn−1, ai|| : i = 1, 2, · · · , n}

defines an (n− 1)-norm on X with respect to {a1, a2, · · · , an}.
A sequence (xk) in a n-normed space (X, ||·, · · · , ·||) is said to converge to

some L ∈ X if

lim
k→∞

||xk − L, z1, · · · , zn−1|| = 0 for every z1, · · · , zn−1 ∈ X.

A sequence (xk) in a n-normed space (X, ||·, · · · , ·||) is said to be Cauchy
if

lim
k,p→∞

||xk − xp, z1, · · · , zn−1|| = 0 for every z1, · · · , zn−1 ∈ X.
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If every cauchy sequence in X converges to some L ∈ X, then X is said to be
complete with respect to the n-norm. Any complete n-normed space is said to
be n-Banach space.

Let X be a linear metric space. A function p : X → R is called paranorm,
if

1. p(x) ≥ 0, for all x ∈ X,

2. p(−x) = p(x), for all x ∈ X,

3. p(x+ y) ≤ p(x) + p(y), for all x, y ∈ X,

4. if (λn) is a sequence of scalars with λn → λ as n → ∞ and (xn) is a
sequence of vectors with p(xn−x) → 0 as n → ∞, then p(λnxn−λx) →
0 as n → ∞.

A paranorm p for which p(x) = 0 implies x = 0 is called total paranorm
and the pair (X, p) is called a total paranormed space. It is well known that
the metric of any linear metric space is given by some total paranorm (see [26],
Theorem 10.4.2, P-183). For more details about sequence spaces, see [21, 22,
23] and references therein. The readers can refer to the recent monograph [27]
and [28] on the sequence spaces and summability theory, and to the monograph
[29] and the paper [30] on the Orlicz sequence spaces.

Let E be a sequence space. Then E is called solid (or normal) if (αkxk) ∈ E
whenever (xk) ∈ E for all sequences (αk) of scalars with |αk| ≤ 1 for all k ∈ N.
E is called monotone provided that E contains the canonical preimages of all its
step spaces. It is a well known result that if E is normal then it is monotone.
A sequence space E is called sequence algebra if ((xk) . (zk)) = (xk.zk) ∈ E
whenever (xk) , (zk) ∈ E.

An Orlicz function M : (0,∞] → (0,∞] is a function, which is continuous,
non-decreasing and convex with M(0) = 0, M(x) > 0 for x > 0 and M(x) −→
∞ as x −→ ∞.

Lindenstrauss and Tzafriri [9] used the idea of Orlicz function to define the
following sequence space. Let w be the space of all real or complex sequences
x = (xk), then

ℓM =
{
x ∈ w :

∞∑
k=1

M
( |xk|

ρ

)
< ∞

}
which is called as an Orlicz sequence space. The space ℓM is a Banach space
with the norm

||x|| = inf
{
ρ > 0 :

∞∑
k=1

M
( |xk|

ρ

)
≤ 1

}
.

It is shown in [9] that every Orlicz sequence space ℓM contains a subspace
isomorphic to ℓp(p ≥ 1). An Orlicz function M is said to satisfy ∆2−condition



26 Sunil Sharma et al.

for all values x ≥ 0 if there exists a constant K > 0 such that M(Lx) ≤
KLM(x) for all values L > 1.

A sequence M = (Mk) of Orlicz function is called a Musielak-Orlicz func-
tion see ([10, 19]). A sequence N = (Nk) defined by

Nk(v) = sup{|v|u− (Mk) : u ≥ 0}, k = 1, 2, · · ·

is called the complementary function of a Musielak-Orlicz function M. For
a given Musielak-Orlicz function M, the Musielak-Orlicz sequence space tM
and its subspace hM are defined as follows

tM =
{
x ∈ w : IM(cx) < ∞ for some c > 0

}
,

hM =
{
x ∈ w : IM(cx) < ∞ for all c > 0

}
,

where IM is a convex modular defined by

IM(x) =
∞∑
k=1

Mk(xk), x = (xk) ∈ tM.

We consider tM equipped with the Luxemburg norm

||x|| = inf
{
k > 0 : IM

(x
k

)
≤ 1

}
or equipped with the Orlicz norm

||x||0 = inf
{1

k

(
1 + IM(kx)

)
: k > 0

}
.

Mursaleen and Noman [13] introduced the notion of λ-convergent and λ-
bounded sequences as follows :

Let λ = (λk)
∞
k=1 be a strictly increasing sequence of positive real numbers

tending to infinity i.e.

0 < λ0 < λ1 < · · · and λk → ∞ as k → ∞

and said that a sequence x = (xk) ∈ w is λ-convergent to the number L, called
the λ-limit of x if Λm(x) −→ L as m → ∞, where

Λm(x) =
1

λm

m∑
k=1

(λk − λk−1)xk.

The sequence x = (xk) ∈ w is λ-bounded if supm |Λm(x)| < ∞. It is well
known [13] that if limm xm = a in the ordinary sense of convergence, then

lim
m

(
1

λm

( m∑
k=1

(λk − λk−1)|xk − a|
)

= 0.
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This implies that

lim
m

|Λm(x)− a| = lim
m

| 1

λm

m∑
k=1

(λk − λk−1)(xk − a)| = 0

which yields that limm Λm(x) = a and hence x = (xk) ∈ w is λ-convergent to
a.

Let M = (Mk) be a Musielak-Orlicz function, p = (pk) be a bounded
sequence of positive real numbers. We define the following sequence spaces
over n-normed spaces in the present paper:

cI(M,Λ, p, ∥·, · · · , ·∥) =
{
x = (xk) ∈ w :

I − lim
k

[
Mk

(∥∥∥∥Λk(x)− L

ρ
, z1, · · · , zn−1

∥∥∥∥)]pk = 0,

for some L and ρ > 0
}
,

cI0(M,Λ, p, ∥·, · · · , ·∥) =
{
x = (xk) ∈ w :

I − lim
k

[
Mk

(∥∥∥∥Λk(x)

ρ
, z1, · · · , zn−1

∥∥∥∥)]pk = 0,

for some ρ > 0
}
,

and

l∞(M,Λ, p, ∥·, · · · , ·∥) =
{
x = (xk) ∈ w :

sup
k

[
Mk

(∥∥∥∥Λk(x)

ρ
, z1, · · · , zn−1

∥∥∥∥)]pk < ∞,

for some ρ > 0
}
,

We can write

mI(M,Λ, p, ∥·, · · · , ·∥) = cI(M,Λ, p, ∥·, · · · , ·∥) ∩ l∞(M,Λ, p, ∥·, · · · , ·∥)
and

mI
0(M,Λ, p, ∥·, · · · , ·∥) = cI0(M,Λ, p, ∥·, · · · , ·∥) ∩ l∞(M,Λ, p, ∥·, · · · , ·∥).

If we take pk = 1 for all k ∈ N, we have

cI(M,Λ, ∥·, · · · , ·∥) =
{
x = (xk) ∈ w :

I − lim
k

Mk

(∥∥∥∥Λk(x)− L

ρ
, z1, · · · , zn−1

∥∥∥∥) = 0,

for some L and ρ > 0
}
,
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cI0(M,Λ, ∥·, · · · , ·∥) =
{
x = (xk) ∈ w :

I − lim
k

Mk

(∥∥∥∥Λk(x)

ρ
, z1, · · · , zn−1

∥∥∥∥) = 0,

for some ρ > 0
}
,

and

l∞(M,Λ, ∥·, · · · , ·∥) =
{
x = (xk) ∈ w :

sup
k

Mk

(∥∥∥∥Λk(x)

ρ
, z1, · · · , zn−1

∥∥∥∥) < ∞,

for some ρ > 0
}
,

The following inequality will be used throughout the paper. If 0 ≤ pk ≤
sup pk = H, D = max(1, 2H−1) then

|ak + bk|pk ≤ D{|ak|pk + |bk|pk} (1)

for all k and ak, bk ∈ C. Also |a|pk ≤ max(1, |a|H) for all a ∈ C.
The main aim of this paper is to study some ideal convergence sequence

spaces defined by a Musielak-Orlicz functionM = (Mk) over n-normed spaces.
We also make an effort to study some topological properties and prove some
inclusion relations between these spaces.

2 Main Results

Theorem 2.1 Let M = (Mk) be a Musielak-Orlicz function, p = (pk) be a
bounded sequence of positive real numbers. Then the spaces cI(M,Λ, p, ∥·, · · · , ·∥),
cI0(M,Λ, p, ∥·, · · · , ·∥), mI(M,Λ, p, ∥·, · · · , ·∥) and mI

0(M,Λ, p, ∥·, · · · , ·∥) are
linear over the complex field C.

Proof. Let x, y ∈ cI(M,Λ, p, ∥·, · · · , ·∥) and let α, β be scalars. Then there
exist positive numbers ρ1 and ρ2 such that

I − lim
k

[
Mk

(
||Λk(x)− L1

ρ1
, z1, · · · , zn−1||

)]pk
= 0, for some L1 ∈ C

and

I − lim
k

[
Mk

(
||Λk(y)− L2

ρ2
, z1, · · · , zn−1||

)]pk
= 0, for some L2 ∈ C.
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For a given ϵ > 0, we have

D1 =
{
k ∈ N :

[
Mk

(
||Λk(x)− L1

ρ1
, z1, · · · , zn−1||

)]pk }
(2)

and

D2 =
{
k ∈ N :

[
Mk

(
||Λk(y)− L2

ρ2
, z1, · · · , zn−1||

)]pk }
. (3)

Let ρ3 = max
{
2|α|ρ1, 2|β|ρ2

}
. Since M = (Mk) is non-decreasing, convex

function and so by using inequality (1), we have

lim
k

[
Mk

(
||Λk((αx+ βy)− (αL1 + βL2))

ρ3
, z1, · · · , zn−1||

)]pk
≤ lim

k

[
Mk

(
||α[Λk(x)− L1]

ρ3
, z1, · · · , zn−1||+ ||β[Λk(y)− L2]

ρ3
, z1, · · · , zn−1||

)]pk
≤ lim

k

[
Mk

(
||Λk(x)− L1

ρ1
, z1, · · · , zn−1||

)]pk
+ lim

k

[
Mk

(
||Λk(y)− L2

ρ2
, z1, · · · , zn−1||

)]pk
.

Now by (2) and (3), we have{
k ∈ N : lim

k

[
Mk

(
||Λk((αx+ βy)− (αL1 + βL2))

ρ3
, z1, · · · , zn−1||

)]pk
≺ ϵ

}
⊂ D1∪D2.

Therefore αx + βy ∈ cI(M,Λ, p, ∥·, · · · , ·∥). Hence cI(M,Λ, p, ∥·, · · · , ·∥) is a
linear space. Similarly we can prove that cI0(M,Λ, p, ∥·, · · · , ·∥),mI(M,Λ, p, ∥·, · · · , ·∥)
and mI

0(M,Λ, p, ∥·, · · · , ·∥) are linear spaces.

Theorem 2.2 Let M = (Mk) be a Musielak-Orlicz function. Then

cI0(M,Λ, p, ∥·, · · · , ·∥) ⊂ cI(M,Λ, p, ∥·, · · · , ·∥) ⊂ ℓ∞(M,Λ, p, ∥·, · · · , ·∥).

Proof. Let x ∈ cI(M,Λ, p, ∥·, · · · , ·∥). Then there exist L ∈ C and ρ > 0
such that

I − lim
k

[
Mk

(
||Λk(x)− L

ρ
, z1, · · · , zn−1||

)]pk
= 0.

We have[
Mk

(
||Λk(x)

2ρ
, z1, · · · , zn−1||

)]pk
≤ 1

2

[
Mk

(
||Λk(x)− L

ρ
, z1, · · · , zn−1||

)]pk
+

[
Mk

1

2

(
||L
ρ
, z1 · · · , zn−1||

)]pk
.
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Taking supremum over k on both sides, we get x ∈ ℓ∞(M,Λ, p, ∥·, · · · , ·∥).
The inclusion cI0(M,Λ, p, ∥·, · · · , ·∥) ⊂ cI(M,Λ, p, ∥·, · · · , ·∥) is obvious. Thus

cI0(M,Λ, p, ∥·, · · · , ·∥) ⊂ cI(M,Λ, p, ∥·, · · · , ·∥) ⊂ ℓ∞(M,Λ, p, ∥·, · · · , ·∥).

This completes the proof of the theorem.

Theorem 2.3 Let M = (Mk) be a Musielak-Orlicz function, p = (pk) be
a bounded sequence of positive real numbers. Then l∞(M,Λ, p, ∥·, · · · , ·∥) is a
paranormed space equipped with the paranorm defined by

g(x) = inf
{
ρ > 0 : sup

k
Mk

(
||Λk(x)

ρ
, z1, · · · , zn−1||

)pk
≤ 1

}
.

Proof. It is clear that g(x) = g(−x). Since Mk(0) = 0, we get g(0) = 0. Let
us take x, y ∈ l∞(M,Λ, p, ∥·, · · · , ·∥). Let

B(x) =
{
ρ > 0 : sup

k

[
Mk

(
||Λk(x)

ρ
, z1, · · · , zn−1||

)]pk
≤ 1,

}
,

B(y) =
{
ρ > 0 : sup

k

[
Mk

(
||Λk(y)

ρ
, z1, · · · , zn−1||

)]pk
≤ 1,

}
.

Let ρ1 ∈ B(x) and ρ2 ∈ B(y). If ρ = ρ1 + ρ2, then we have

sup
k

Mk

(
||Λk(x+ y)

ρ
, z1, · · · , zn−1||

)
≤

( ρ1
ρ1 + ρ2

)
sup
k

Mk

(
||Λk(x)

ρ1
, z1, · · · , zn−1||

)
+
( ρ2
ρ1 + ρ2

)
sup
k

Mk

(
||Λk(y)

ρ2
, z1, · · · , zn−1||

)
.

Thus sup
k

Mk

(
||Λk(x+ y)

ρ1 + ρ2
, z1, · · · , zn−1||

)pk
≤ 1 and

g(x+ y) ≤ inf
{
(ρ1 + ρ2) > 0 : ρ1 ∈ B(x), ρ2 ∈ B(y)

}
≤ inf

{
ρ1 > 0 : ρ1 ∈ B(x)

}
+ inf

{
ρ2 > 0 : ρ2 ∈ B(y)

}
= g(x) + g(y).

Let σs → σ where σ, σs ∈ C and let g(xs − x) → 0 as s → ∞. We have to
show that g(σsxs − σx) → 0 as s → ∞. Let

B(xs) =
{
ρs > 0 : sup

k
Mk

(
||Λk(x

s)

ρs
, z1, · · · , zn−1||

)pk
≤ 1,

}
,
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B(xs − x) =
{
ρ′s > 0 : sup

k
Mk

(
||Λk(x

s − x)

ρ′s
, z1, · · · , zn−1||

)pk
≤ 1,

}
.

If ρs ∈ B(xs) and ρ′s ∈ B(xs − x) then we observe that

Mk

(
|| Λk(σ

sxs − σx)

ρs|σs − σ|+ ρ′
s|σ|

, z1, · · · , zn−1||
)

≤Mk

(
|| Λk(σ

sxs − σxs)

ρs|σs − σ|+ ρ′
s|σ|

+
|(σxs − σx)|

ρs|σs − σ|+ ρ′
s|σ|

, z1, · · · , zn−1||
)

≤ |σs − σ|ρs
ρs|σs − σ|+ ρ′

s|σ|
Mk

(
||(Λk(x

s))

ρs
, z1, · · · , zn−1||

)
+

|σ|ρ′
s

ρs|σs − σ|+ ρ′
s|σ|

Mk

(
||Λk(x

s − x)

ρ′
s

, z1, · · · , zn−1||
)
.

From the above inequality, it follows that[
Mk

(
|| Λk(σ

sxs − σx)

ρs|σs − σ|+ ρ′
s|σ|

, z1, · · · , zn−1||
)]pk

≤ 1

and consequently,

g(σsxs − σx) ≤ inf
{(

ρs|σs − σ|+ ρ
′

s|σ|
)
> 0 : ρs ∈ B(xs), ρ

′

s ∈ B(xs − x)
}

≤ (|σs − σ|) > 0 inf
{
ρ > 0 : ρs ∈ B(xs)

}
+ (|σ|) > 0 inf

{
(ρ

′

s)
pn
H : ρ

′

s ∈ B(xs − x)
}

−→ 0 as s −→ ∞.

This completes the proof.

Theorem 2.4 Let M ′ = (M ′
k) and M ′′ = (M ′′

k ) are Musielak-Orlicz func-
tions that satisfies the ∆2-condition. Then
(i) Z(M ′′,Λ, p, ∥·, · · · , ·∥) ⊆ Z(M ′ ◦M ′′,Λ, p, ∥·, · · · , ·∥),
(ii) Z(M ′,Λ, p, ∥·, · · · , ·∥)∩Z(M ′′,Λ, p, ∥·, · · · , ·∥) ⊆ Z(M ′+M ′′,Λ, p, ∥·, · · · , ·∥)
for Z = cI , cI0,m

I ,mI
0.

Proof. Let x ∈ cI0(M′′,Λ, p, ∥·, · · · , ·∥). Then there exists ρ > 0 such that

I − lim
k

[
M ′′

k

(
||Λk(x)

ρ
, z1, · · · , zn−1||

)]pk
= 0. (4)

Let ϵ > 0 and choose δ with 0 < δ < 1 such that M ′
k(t) < ϵ for 0 ≤ t ≤ δ.

Write yk =
[
M ′′

k

(
||Λk(x)

ρ
, z1, · · · , zn−1||

)]pk
and consider

lim
0≤yk≤δ

k∈N

M ′
k(yk) = lim

yk≤δ

k∈N

M ′
k(yk) + lim

yk>δ

k∈N

M ′
k(yk).
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Since M = (Mk) satisfies ∆2-condition, we have

lim
yk≤δ

k∈N

M ′
k(yk) ≤ M ′

k(2) lim
yk≤δ

k∈N

(yk). (5)

For yk > δ, we have

yk <
yk
δ

< 1 +
yk
δ
.

Since M′ = (M ′
k) is non-decreasing and convex, it follows that

M ′
k(yk) < M ′

k(1 +
yk
δ
) <

1

2
M ′

k(2) +
1

2

M ′
k(2yk)

δ
.

Since M′ = (M ′
k) is satisfies ∆2-condition, we have

M ′
k(yk) <

1

2
K

yk
δ
M ′

k(2) +
1

2
K

yk
δ
M ′

k(2) = K
yk
δ
M ′

k(2).

Hence
lim
yk>δ

k∈N

M ′
k(yk) ≤ max(1, Kδ−1M ′

k(2)) lim
yk≤δ

k∈N

(yk) (6)

From (4), (5) and (6), we have x = (xk) ∈ cI0(M′ ◦M′′,Λ, p, ∥·, · · · , ·∥). Thus
cI0(M′′,Λ, p, ∥·, · · · , ·∥) ⊆ cI0(M′ ◦M′′,Λ, p, ∥·, · · · , ·∥). Similarly we can prove
the other cases.

(ii) Let x ∈ cI0(M′,Λ, p, ∥·, · · · , ·∥) ∩ cI0(M′′,Λ, p, ∥·, · · · , ·∥). Then there
exists ρ > 0 such that

I − lim
k

[
M ′

k

(
||Λk(x)

ρ
, z1, · · · , zn−1||

)]pk
= 0

and

I − lim
k

[
M ′′

k

(
||Λk(x)

ρ
, z1, · · · , zn−1||

)]pk
= 0.

The rest of the proof follows from the following equality

lim
k

[
(M ′

k +M ′′
k )
(
||Λk(x)

ρ
, z1, · · · , zn−1||

)]pk
= lim

k∈N

[
M ′

k

(
||Λk(x)

ρ
, z1, · · · , zn−1||

)]pk
+lim

k∈N

[
M ′′

k

(
||Λk(x)

ρ
, z1, · · · , zn−1||

)]pk
.

Corollary 2.5 Let M = (Mk) be a Musielak -Orlicz function which sat-
isfies ∆2-condition. Then Z(p,Λ, ∥·, · · · , ·∥) ⊆ Z(M,Λ, p, ∥·, · · · , ·∥) for Z =
cI , cI0,m

I and mI
0.
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Proof. The proof follows from Theorem 2.3 by putting M ′′
k (x) = x and

M ′
k(x) = Mk(x)∀x ∈ [0,∞).

Theorem 2.6 The spaces cI0(M,Λ, p, ∥·, · · · , ·∥) and mI
0(M,Λ, p, ∥·, · · · , ·∥)

are solid.

Proof. We give the proof for the space cI0(M,Λ, p, ∥·, · · · , ·∥). Let x ∈
cI0(M,Λ, p, ∥·, · · · , ·∥). Then there exists ρ > 0 such that

I − lim
k

[
Mk

(
||Λk(x)

ρ
, z1 · · · , zn−1||

)]pk
= 0. (7)

Let (αk) be a sequence of scalars with |αk| ≤ 1 ∀ k ∈ N. Then, the result
follows from the following inequality

lim
k

[
Mk

(
||Λk(αx)

ρ
, z1, · · · , zn−1||

)]pk
≤ lim

k
Mk

(
||Λk(x)

ρ
, z1, · · · , zn−1||

)pk

and this completes the proof. Similarly, we can give the proof for the space
mI

0(M,Λ, p).

Corollary 2.7 The spaces cI0(M,Λ, p, ∥·, · · · , ·∥) and mI
0(M,Λ, p, ∥·, · · · , ·∥)

are monotone.

Proof. This is easy. So, we omit the details.

Theorem 2.8 The spaces cI(M,Λ, p, ∥·, · · · , ·∥) and cI0(M,Λ, p, ∥·, · · · , ·∥)
are sequence algebra.

Proof. Let x, y ∈ cI0(M,Λ, p, ∥·, · · · , ·∥). Then

I − lim
k

[
Mk

(
||Λk(x)

ρ1
, z1, · · · , zn−1||

)]pk
= 0, for some ρ1 > 0

and

I − lim
k

[
Mk

(
||Λk(y)

ρ2
, z − 1, · · · , zn−1||

)]pk
= 0, for some ρ2 > 0.

Let ρ = ρ1 + ρ2. Then we can show that

I − lim
k

[
Mk

(
||Λk(x · y)

ρ
, z1, · · · , zn−1||

)]pk
= 0.

Thus (x · y) ∈ cI0(M,Λ, p, ∥·, · · · , ·∥). Hence cI0(M,Λ, p, ∥·, · · · , ·∥) is also a
sequence algebra. Similarly, we can prove that cI(M,Λ, p, ∥·, · · · , ·∥) is a se-
quence algebra.
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3 Open Problem

We introduced some sequence spaces using ideal convergence and Musielak-
Orlicz function M = (Mk) over n-normed spaces. For the reference sections,
consider the following introduction described the main results are motivating
the research. Thus it will be possible to benefit from this article for new
studies.

References

[1] P. Das, P. Kostyrko, W. Wilczynski and P. Malik, I and I* convergence
of double sequences, Math. Slovaca, 58 (2008), 605–620.

[2] P. Das and P.Malik, On the statistical and I-variation of double sequences,
Real Anal. Exchange, 33(2) (2007-2008), 351–364.

[3] S. Gähler, Linear 2-normietre Rume, Math. Nachr., 28 (1965), 1–43.

[4] H. Gunawan, On n-Inner Product, n-Norms, and the Cauchy-Schwartz
Inequality, Sci. Math. Jap., 5 (2001), 47–54.

[5] H. Gunawan, The space of p-summable sequence and its natural n-norm,
Bull. Aust. Math. Soc., 64 (2001), 137–147.

[6] H. Gunawan and M. Mashadi, On n-normed spaces, Int. J. Math. Math.
Sci., 27 (2001), 631–639.

[7] P. Kostyrko, T. Salat and W. Wilczynski, I-Convergence, Real Anal. Ex-
change, 26(2) (2000), 669–686.

[8] V. Kumar, On I and I* convergence of double sequences, Math. Commun.,
12 (2007), 171–181.

[9] J. Lindenstrauss and L. Tzafriri, On Orlicz sequence spaces, Israel J.
Math. 10 (1971), 345–355.

[10] L. Maligranda, Orlicz spaces and interpolation, Seminars in Mathematics
5, Polish Academy of Science, 1989.

[11] A. Misiak, n-inner product spaces, Math. Nachr., 140 (1989), 299–319.

[12] M. Mursaleen and A. Alotaibi, On I-convergence in random 2-normed
spaces, Math. Slovaca, 61(6) (2011), 933–940.

[13] M. Mursaleen and A. K. Noman, On some new sequence spaces of non
absolute type related to the spaces lp and l∞ I, Filomat, 25 (2011), 33–51.



Ideal Convergent Sequences Spaces Over n-normed Spaces 35

[14] M. Mursaleen and A. K. Noman, On some new sequence spaces of non
absolute type related to the spaces lp and l∞ II, Math. Commun., 16
(2011), 383–398.

[15] M. Mursaleen, S. A. Mohiuddine and O. H. H. Edely, On ideal convergence
of double sequences in intuitioistic fuzzy normed spaces, Comput. Math.
Appl., 59 (2010), 603–611.

[16] M. Mursaleen and S. A. Mohiuddine, On ideal convergence of double se-
quences in probabilistic normed spaces, Math. Reports, 12(64)(4) (2010),
359–371.

[17] M. Mursaleen and S. A. Mohiuddine, On ideal convergence in probabilistic
normed spaces, Math. Slovaca, 62 (2012), 49–62.

[18] M. Mursaleen and S. K. Sharma, Spaces of ideal convergent sequences,
The World Scientific Journal, Vol. 2014, 6 pages.

[19] J. Musielak, Orlicz spaces and modular spaces, Lecture Notes in Mathe-
matics, 1034 (1983).

[20] K. Raj and S. K. Sharma, Ideal convergent sequence spaces defined by a
Musielak-Orlicz function, Thai J. Math., 11 (2013), 577–587.

[21] K. Raj and S. K. Sharma, Some sequence spaces in 2-normed spaces de-
fined by Musielak-Orlicz functions, Acta Univ. Sapientiae Math., 3 (2011),
97–109.

[22] K. Raj and S. K. Sharma, Some generalized difference double sequence
spaces defined by a sequence of Orlicz-function, Cubo, 14 (2012), 167–189.

[23] K. Raj and S. K. Sharma, Some multiplier sequence spaces defined by a
Musielak-Orlicz function in n-normed spaces, New Zealand J. Math., 42
(2012), 45–56.
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