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Abstract
In the present paper we introduce some sequence spaces us-
ing ideal convergence and Musielak-Orlicz function M = (M)
over n-normed spaces. We also eramine some topolog ical
properties of the resulting sequence spaces.
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1 Introduction

The notion of ideal convergence was first introduced by Kostyrko [7] as a gen-
eralization of statistical convergence which was further studied in topological
spaces by Das [1]. Gurdal investigated the relation between Z-cluster points
and ordinary limit points of sequence in 2-normed space. More applications of
ideals can be seen in [1] and [2]. We continue in this direction and introduce
I-convergence of generalized sequences with respect to Musielak-Orlicz func-
tion.

A family Z C 2% of subsets of a non empty set X is said to be an ideal in X if

1. €T,
2. AABeZimply AUBE€eZ,

3. AeZ, BC Aimply B €T,
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while an admissible ideal Z of X further satisfies {x} € Z for each x € X see
[7]. A sequence (x,)nen in X is said to be I-convergent to x € X, if for each

€ > 0 the set A(e) = {n eN: ||z, —z|| > e} belongs to Z see in [7]. For more

details about ideal convergence sequence spaces (see [8, 12, 14, 15, 16, 17, 18,
20, 24, 25]) and references therein.

The concept of 2-normed spaces was initially developed by Géhler [3] in the
mid of 1960’s, while that of n-normed spaces one can see in Misiak [11]. Since
then, many others have studied this concept and obtained various results, see
Gunawan ([4],[5]) and Gunawan and Mashadi [6]. Let n € N and X be a linear
space over the field K, where K is field of real or complex numbers of dimension
d, where d > n > 2. A real valued function ||-,--- || on X™ satisfying the
following four conditions:

1. ||x1, 29, ,z,|| = 0 if and only if 1, z9, -+ , x, are linearly dependent
in X,

2. ||z, x2, -+, xy,|| is invariant under permutation,
3. |Jaxy, xe, -+ xn|| = || |21, z2, -+, xy]| for any a € K| and
4. H.ZC—F.T/,SCQ,"' 7an < Hl’,l‘g,"' 7an + Hxlam%“' 7$nH

is called a n-norm on X, and the pair (X, ||-,- - ,-||) is called a n-normed space
over the field K. For example, we may take X = R" being equipped with the
Euclidean n-norm ||z, 29, - - , z,||p = the volume of the n-dimensional paral-
lelopiped spanned by the vectors x1,xs, -, x, which may be given explicitly
by the formula

bex% T 7anE = ’ det(mij)’7

where x; = (231, i, -+ , i) € R" for each i = 1,2,--+ n. Let (X, [],---,[])
be a n-normed space of dimension d > n > 2 and {ay, as, - ,a,} be linearly
independent set in X. Then the following function ||-, -, -||o on X" defined
by

bex%”' 7xn71|’oo :maX{Hxthu”' 7xn717aiH S 1727"' 7n}

defines an (n — 1)-norm on X with respect to {ay,as, -+ ,a,}.
A sequence (z) in a n-normed space (X, ||-,--- ,-||) is said to converge to
some L € X if

lim ||z — L, 21, ,2n-1]| =0 for every zj,---, 2,1 € X.
k—o0

A sequence (xj) in a n-normed space (X, ||-,---,-||) is said to be Cauchy
if
lim ||z —xp, 21, -+, 2n-1]] =0 for every zy,---, 2,1 € X.
k,p—o0
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If every cauchy sequence in X converges to some L € X, then X is said to be
complete with respect to the n-norm. Any complete n-normed space is said to
be n-Banach space.

Let X be a linear metric space. A function p : X — R is called paranorm,
if

1. p(x) >0, for all x € X,
2. p(—x) =p(z), for all x € X,
3. p(x +y) < p(x) +ply), for all 2,y € X,

4. if (N\,) is a sequence of scalars with A, — X as n — oo and (x,) is a
sequence of vectors with p(x,, —x) — 0 as n — oo, then p(\,x, — Ax) —
0asn — oo.

A paranorm p for which p(x) = 0 implies x = 0 is called total paranorm
and the pair (X, p) is called a total paranormed space. It is well known that
the metric of any linear metric space is given by some total paranorm (see [26],
Theorem 10.4.2, P-183). For more details about sequence spaces, see [21, 22,
23] and references therein. The readers can refer to the recent monograph [27]
and [28] on the sequence spaces and summability theory, and to the monograph
[29] and the paper [30] on the Orlicz sequence spaces.

Let E be a sequence space. Then E is called solid (or normal) if (o) € E
whenever (z;) € E for all sequences (ay) of scalars with |ay| < 1 forall k € N.
E is called monotone provided that E contains the canonical preimages of all its
step spaces. It is a well known result that if E is normal then it is monotone.
A sequence space E is called sequence algebra if ((zx).(2x)) = (xg.2x) € E
whenever (zy), (zx) € E.

An Orlicz function M : (0, 00] — (0, 00] is a function, which is continuous,
non-decreasing and convex with M (0) =0, M (z) > 0 for x > 0 and M (z) —
00 as ¥ — Q.

Lindenstrauss and Tzafriri [9] used the idea of Orlicz function to define the
following sequence space. Let w be the space of all real or complex sequences

x = (x), then N
EM:{IEw:;M<|x—;|> <oo}

which is called as an Orlicz sequence space. The space £); is a Banach space

with the norm .
llz|| = inf{p >0 ZM(@) < 1}.
p
k=1

It is shown in [9] that every Orlicz sequence space ¢); contains a subspace
isomorphic to £,(p > 1). An Orlicz function M is said to satisfy Ay,—condition
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for all values x > 0 if there exists a constant K > 0 such that M (Lzx) <
K LM (x) for all values L > 1.

A sequence M = (M) of Orlicz function is called a Musielak-Orlicz func-
tion see ([10, 19]). A sequence N = (Ny) defined by

Ni(v) = sup{|vju — (Mg) :u >0}, k=1,2,---

is called the complementary function of a Musielak-Orlicz function M. For
a given Musielak-Orlicz function M, the Musielak-Orlicz sequence space t
and its subspace hy are defined as follows

tm = {wa:[M(cx) < oo for some c>0},

hM:{wa:[M(cx)<oo for all c>0},

where I, is a convex modular defined by

IM(JL') = ZMk(xk),x = (iL‘k) € tam.

We consider ¢, equipped with the Luxemburg norm

]| _mf{k: >0 IM<k> < 1}

or equipped with the Orlicz norm

llz||° = inf {%(1 + ]M(k;x)) k> o}.

Mursaleen and Noman [13] introduced the notion of A-convergent and -
bounded sequences as follows :

Let A = (Ag)72, be a strictly increasing sequence of positive real numbers
tending to 1nﬁn1ty ie.

O< A <A <--+ and Ay >0 as k — o0

and said that a sequence x = (xj) € w is A-convergent to the number L, called
the A-limit of x if A,,(x) — L as m — oo, where

m

:)\LZ Ak — Ag-1)

k=1

The sequence z = (z;) € w is A\-bounded if sup,, |A,(z)] < oco. It is well
known [13] that if lim,, z,, = a in the ordinary sense of convergence, then

lim (i(iw — Ne)|ze — a|> 0.

k=1
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This implies that

m

: .1
lim [ A, () — af = lim | = ;()\k — Ne—1) (g — a)| = 0
which yields that lim,, A,,(x) = a and hence x = (z},) € w is A-convergent to
a.
Let M = (Mj) be a Musielak-Orlicz function, p = (pg) be a bounded
sequence of positive real numbers. We define the following sequence spaces
over n-normed spaces in the present paper:

MNP [l = {o = (n) € w
. Pk
I — h]?l |:Mk (HW?ZM' Tty RAn—1 ):| = 07

for some L and p > 0} ,

M Al = {o = (@) e w:
Pk
I —lim |:Mk <HAI€—<I>7217”'7ZTL1 ):| :07
k P
for some p > 0} ,
and
loo(MaA>p7 ||7 T a“) = {.CE = (xk) cw:
Pk
sup |:Mk <HAk/EI>7Zh' Tty Rn—1 ):| < 00,
k

for some p > 0} ,

We can write

mI(M7A7p7||7 7||) = CI(M7Aap7||7 7||)mlOO(MaA7pa ||7 7||)
and
mé<M7A7p7 H? >H) :Cé(M,A,p, H? 7”) ﬂloo(./\/l,/\,p,H-,--- >H)

If we take pp =1 for all £ € N, we have
SMA o) = {o = () € w

Ap(z) — L
fqmeFﬁLﬁmmJH
k p

)-o.

for some L and p > 0} ,
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AMA ) = {x — (z3) € w :
A
I — lim M, (H k(x),zb s Zn—1 > =0,
k p
for some p > 0},
and
el MUA, o) = {o = (an) € w
A
SupMk (HMVZD'” y “n—1 > < 00,
2 P

for some p > 0} ,

The following inequality will be used throughout the paper. If 0 < p, <
suppr = H, D = max(1,2-1) then

|ak + bi[** < D{fax|" + b} (1)

for all k and ag, by € C. Also |a|P* < max(1, |a|) for all a € C.

The main aim of this paper is to study some ideal convergence sequence
spaces defined by a Musielak-Orlicz function M = (M},) over n-normed spaces.
We also make an effort to study some topological properties and prove some
inclusion relations between these spaces.

2 Main Results

Theorem 2.1 Let M = (My) be a Musielak-Orlicz function, p = (px) be a
bounded sequence of positive real numbers. Then the spaces ¢ (M, A, p, ||, ,-|),
C(I)(M,A,p, ||7 e 7'”); mI(M,A,p, ||7 T ||) and mé(M7A7pv ||7 U 7”) are
linear over the complex field C'.

Proof. Let z,y € ¢/(M,A,p,|-,---,-||) and let a, 8 be scalars. Then there
exist positive numbers p; and p, such that

HAk(ZL’) — L1

Pk
I—lilgn [Mk( ,21,---,zn1\|)1 =0, for some L; € C
P1

and

Pi
I —liin [Mk<||—,zl, e ,zn_1||>} = 0, for some Ly € C.
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For a given ¢ > 0, we have

Dy ={keN: {M%HW,Z@,--- ,zn1||)rk} @)
and
Dy={keN: [Mkm%,zb--- ,zanﬂ L (3)

Let ps = max {2|a|p1,2|8|p2}. Since M = (M) is non-decreasing, convex
function and so by using inequality (1), we have

hlgn |:Mk(HAk((ax +ﬁy> — (aLl +BL2))>Z17 T 7Zn—1|’>:|pk
P3

< hiﬂ {Mk<||w7zh...  Znot|| + HM,%W 7%1’,)]
P3 P3

A — I Pk
< lim [Mk<||&,zh . 7zn_1||>]
k pl

. Ap(y) — Lo o
i [ (P2 )]

Now by (2) and (3), we have

{k‘ N - hiﬂ |:Mk(||Ak((Oél’ +By> — (OCLl +6L2))721, .. 7’Zn1|’):|pk . 6} C DD,

P3
Therefore ax + By € (M, A, p,||-,-++ ,-||). Hence (M, A, p,||-,---,-]) is a
linear space. Similarly we can prove that ¢l (M, A, p, ||, ,-||), m (M, A, p, |-+ )
and m{(M, A, p,||-,--- ,||) are linear spaces. m

Theorem 2.2 Let M = (My,) be a Musielak-Orlicz function. Then

Cé(M,A,p, H? aH) C CI(M7A7P7 H? >H) C EOO<M7A7P7 Hv 7H)
Proof. Let x € (M, A,p,|-,--+,-||). Then there exist L € C and p > 0
such that

) Ap(z) — L P
I —lim [Mk(H—k( ) 321, ,zn_1\|>] =0.
k p

We have

[Mk(uAk(x)?Zl,... ,zn_lu)}pk y {M(HM;‘L,ZL... 7%_1“)}%

2p
1 L Pk
# g (12 )|
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Taking supremum over k on both sides, we get © € loo(M, A;p, ||+, ,-|])-
The inclusion ¢} (M, A, p, ||+, ,-||) € (M, A, p,||-,-++ ,]|) is obvious. Thus
Cé(M7A7p7 H? 7”) - CI(M,A,p, H? 7”) - £w<M7A7p7 H7 T 7H)

This completes the proof of the theorem. m

Theorem 2.3 Let M = (My) be a Musielak-Orlicz function, p = (px) be
a bounded sequence of positive real numbers. Then loo(M, N, p,||-,--- ,-||) is a
paranormed space equipped with the paranorm defined by

g(z) = inf {p >0: sgpMk<HAkp<x),zl,... ,zn_1]|>pk < 1}.

Proof. It is clear that g(x) = g(—=x). Since My(0) = 0, we get g(0) = 0. Let
us take z,y € loo(MvAapv ||7 T 7||> Let

B(z) = {p >0 sup [Mk(||A’“/Ex),zh... ,Zn_1||)rk <1, }

Bly) = {p>0 s [Mk(HA’“/f”,zl,... 7zn_1||)rk <1},

Let p; € B(x) and py € B(y). If p = p1 + p2, then we have

Ap(x +
supMk<||M,zl,--- ,Zn_1||>
K p
Ag(z
S( )SupMk(|| k( )72:1"" 7Zn—1||>
p1+p2/ & P1
A
(2 Yo (1 ),
p1tp2/ &k P2
A P
Thus supMk<||M,zl,--~ ,zn_1||> ' <1 and
k p1+ P2

glr+y) < inf{(p1+pz)>0rp163(:v)’ paGB(y)}
< inf {p1 >0:p € B(I)} + inf {p2 >0:pg € B(y)}
= g(z) +9(v).

Let 0° — o where 0,0° € C and let g(z® — z) — 0 as s — oco. We have to
show that g(o®z® — ox) — 0 as s — oo. Let

Ay (x? p
B(z*) = {ps >0: supMk(H k/EI ),zl,--- ,zn,1H> * < 1,},
k

S
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Ag(z® — p
B('TS —.Z') = {p; >0: SupMk(H%azh'“ 7Zn71H> ' < 17}
k

s

If ps € B(z®) and p), € B(z® — z) then we observe that

Ap(ofx® — ox
M (| AT )
pslos — ol + pylo]
Ai(ofz® — oxf ox® —ox
< (e mor) o Z oDl )
pslos — ol + pilal ~ pslos — ol + plo]

0% — o|ps Ay (2
< L lp : Mk(HM,Zl,"' 7zn_1||>
palo* — ol + plo] )

olp. Ap(2® —
s_| |p / Mk<’|M7217.'.72n1||)'
IOS’U U| +ps|0-’ ps

From the above inequality, it follows that

and consequently,

g(o’x® —ox) < inf{(ps|0S — o] —I—pls|0|> >0: ps € B(z*),p, € B(a* —x)}
< (|05—0])>Oinf{p>0:p5€B(a:5)}

. p. € B(z® —x)}

!\ Pn

+ (o) > 0inf { ()
— 0 as s — o0.

This completes the proof. m

Theorem 2.4 Let M' = (M}) and M" = (M]!) are Musielak-Orlicz func-
tions that satisfies the Ag-condition. Then

(Z) Z<M”7Aﬂp7||'a"' 7||) g Z(M/OM”aAvpa ||7 7'||);
(ZZ) Z(M/,A,p, ||7 ,'”)ﬂZ(M“,A,p, ||v >||) C Z(M/—I—M”,A,p, ||> ’H)
for Z =l cl,m!,mi.
Proof. Let x € ¢}(M", A, p, ||, ,-||). Then there exists p > 0 such that
A Pk
I -1lim {M,;’(HM,zl,--- ,zn_1||>] — 0. (4)
P

Let € > 0 and choose ¢ with 0 < § < 1 such that M/ (t) < e for 0 <t < 4.
P
Write y, = [M,’C’<||A’“T(m), 2, ,zn_1||>} * and consider
lim M (yx) = lim My (yx) + lim My (yx).
YR <9 Y >0

0<yp<é <
keN keN keN
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Since M = (M) satisfies Ay-condition, we have

lim M (y) < My (2) lim (ys). )
Y <6 <6
keN kEN
For y, > 0, we have
Yk Yk
<o
Yk 5 + 5
Since M’ = (M) is non-decreasing and convex, it follows that
1 1 M.L(2
M) < M1+ %) < Darg) ¢ L2,

Since M’ = (M) is satisfies Ay-condition, we have

1 1
M(y) < ~KZ02) + K20l (2) = K260 (2).
24 29 )
Hence
lim M} (yx) < max(1, K5 ' M;(2)) lim (yy,) (6)
Y >0 Y. <8
ren keN
From (4), (5) and (6), we have x = (z3) € ¢s(M’ o M" A, p, ||, ,-||). Thus
(M Apy |- c]l) S (Mo M A p, |-+ <+ ,+|l). Similarly we can prove
the other cases.
(i) Let z € A(M', Ap, |-+ -l N (M7, A, p, ||+ ,+]|). Then there

exists p > 0 such that
A Pk
I—lign{M,Q(HM,zl,---,zn_1||>} =0
p

and
Pk

A
I —lim [M,;’(H—k(x),zl, - ,zn_1||>] — 0.
k p

The rest of the proof follows from the following equality

: / 1 Ay (x P
h]in [(Mk+Mk)(|| kp( )7Z17”‘ J’an‘|>:|

A Pk A Dk
= lim |:M];<|| k($)7zl7,,. ,Zn—1||>:| +lim |:M’/€/(|| k(ﬂf)’zl’... 7Zn—1||>:| .
keN p keN p

Corollary 2.5 Let M = (M) be a Musielak -Orlicz function which sat-
isfies Ag-condition. Then Z(p, A, ||-,---,-|) € Z(M,A,p,||-,--- ,-||) for Z =
cch,m! and m.
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Proof. The proof follows from Theorem 2.3 by putting M; (z) = x and
M (z) = My(x)Vz € [0,00). =

Theorem 2.6 The spaces Cé(M, Aapa ||7 T ||) and mé(M7Aap7 ||a T ||)
are solid.
Proof. We give the proof for the space cf(M,A,p,|-,---,-|]). Let z €
cA(M, A, p, ||, ,-|). Then there exists p > 0 such that
A Pk
I—li}gn [Mk<H k(x),zl... ’anHﬂ = 0. (7)
p

Let (ax) be a sequence of scalars with |ag| <1 V k € N. Then, the result
follows from the following inequality

i Ag(ax) Pr . Ag(x) D
<
hin [Mk<|| ; ) 21, ,zn_1||>] _lllgan<|| . , 21, ,zn_1||>

and this completes the proof. Similarly, we can give the proof for the space
my(M, A,p). =

Corollary 2.7 The spaces ci(M, A, p, ||-,- -+ ,-||) and m&(M, A, p, |-, ||
are monotone.

Proof. This is easy. So, we omit the details. m

Theorem 2.8 The spaces ! (M, A, p, |-, ,-|) and (M, A, p,||-,--- ,-||)
are sequence algebra.

Proof. Let x,y € c{(M, A, p,||-,--- ,-]|). Then
A Pk
I—liin [Mk<||ﬂ,zl, ,zn_1||>] =0, for some p; >0
P1
and
Pk

A
I—liin {Mk<||ﬂ,z— 1,--- ,zn_1||>] =0, for some py > 0.
P2

Let p = p1 + p2. Then we can show that
A . Pk
I —1im [Mk<||M,zl,---,zn_1||>} — 0.
p

Thus (x -y) € cA(M,A,p,||-,---,-|]). Hence c{(M,A,p,||-,---,-||) is also a
sequence algebra. Similarly, we can prove that ¢/ (M, A, p,[|,--- ,||) is a se-
quence algebra. m
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3 Open Problem

We introduced some sequence spaces using ideal convergence and Musielak-
Orlicz function M = (My) over n-normed spaces. For the reference sections,
consider the following introduction described the main results are motivating
the research. Thus it will be possible to benefit from this article for new
studies.
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