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Abstract
Motivated by the recent studies of the harmonic maps on
normal almost contact metric manifolds, in particular Sasakian,
Kenmotsu, and cosymplectic manifolds, in this article we in-
vestigate the harmonic maps on Ci2-manifolds which are non-
normal almost contact metric manifolds. Finally, some ex-
amples are presented.
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1 Introduction

In [8], D. Chinea and C. Gonzalez have obtained a classification of the almost
contact metric manifolds by studying the spaces that possess the same sym-
metries as the covariant derivative of the fundamental 2-form. This space is
decomposed into twelve irreducible components C4, ..., Cis.

Most of the research related to almost contact metric structures is con-
cerned with the normal structures, in particular Sasakian, Kenmotsu, cosym-
plectic, and trans-Sasakian manifolds. This conclusion is clearly embodied in
the field of harmonic maps on contact metric manifolds studied by Inaus and
Pastore [13] (see, for example, [10, 11, 13, 14, 16]).

Recently, several works have appeared related to an important class of
almost contact metric manifolds called C}o-manifolds, which are not normal.
We cite, for example, [3, 5, 6, 7].
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In this paper, we have discussed harmonic maps on Cis-manifolds and
also discussed the non-existence of such maps. In Section 2, we recall some
basic definitions and basic formulas, which we will use later. In Section 3,
first we give the necessary and sufficient conditions for a (-holomorphic map
f: My — Mj between two Cia-manifolds to be harmonic. After that, we show
that for any p-holomorphic map f : M; — Ms from C}o-manifold to the trans-
Sasakian manifold, such that & € (I'm df)*. Then f can not be harmonic,
provided Bs # 0.

It is also shown that if F' : M — N is a smooth map between the Cs-
manifold and the Kéhler manifold, then F' is harmonic if and only if ¢ €
Ker dF'. Finally, we prove that if F': N — M is a smooth map between the
Kahler manifold and the C's-manifold, then F'is harmonic.

2 Preliminaries

2.1 Trans-Sasakian manifolds

An odd-dimensional Riemannian manifold (M?"*! g) is said to be an almost
contact metric manifold if there exist on M a (1,1)-tensor field ¢, a vector
field £ (called the structure vector field) and a 1-form 1 such that

n(§) =1,
P*(X) = —X +n(X)E, (1)
9(pX,pY) = g(X,Y) = n(X)n(Y),

for any vector fields X, Y on M. In particular, in an almost contact metric
manifold we also have ¢ =0 and no ¢ = 0.

The fundamental 2-form ¢ is defined by ¢(X,Y) = g(X, ¢Y). It is known
that the almost contact structure (¢, &, n) is said to be normal if and only if

NO(X,Y) = No(X,Y) + 2d5(X, Y)E = 0, 2)
for any X, Y on M, where N, denotes the Nijenhuis torsion of ¢, given by
No(X,Y) = @[X, Y]+ [pX, Y] = p[pX, V] — ¢[X, pY]. (3)

Some special cases are worthy of attention. A contact metric structure is an
almost contact metric structure with dn = ¢ and a Sasakian manifold is a
normal contact metric manifold, equivalently, if

(Vxp)Y =g(X,Y)§ —n(Y)X,

where V denotes the Levi-Civita connection of g throughout this paper.
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An almost contact metric structure is said to be almost cosymplectic if
both n and ¢ are closed. If in addition the structure is normal, the structure
is said to be cosymplectic, equivalently, (Vx¢)Y = 0.

An almost contact metric manifold is an almost Kenmotsu manifold if
dn = 0 and d¢ = 2n A ¢. Moreover, if the structure (p, &, n) is normal, the
manifold is said to be Kenmotsu. This manifold, can be characterized through
their Levi-Civita connection, by requiring

(Vxp)Y = g(pX,Y)E —n(Y)pX.

In [17], the author proves that (p, &, 7, g) is trans-Sasakian structure of type
(cr, B) if and only if it is normal and

dn=a¢,  do=206nA9, (4)
where a = 5-0¢(€), f = 5-div€ and § is the codifferential of g.

n
It is well known that the trans-Sasakian condition may be expressed as an

almost contact metric structure satisfying
(Vxp)Y = a(9(X,Y)E = n(Y)X) + B(9(¢ X, Y)E = n(Y)pX).  (5)
From this formula one easily obtains
Vi€ = —apX — X, (6)

(Vxn)Y = ag(X,¢Y) + Bg(p X, pY). (7)
It is clear that a trans-Sasakian manifold of type (1,0) is a Sasakian manifold

and a trans-Sasakian manifold of type (0, 1) is a Kenmotsu manifold. A trans-
Sasakian manifold of type (0,0) is called a cosymplectic manifold.

2.2 (js-manifolds

In the classification of Chinea and Gonzalez [8] of almost contact metric man-
ifolds there is a class Cs-manifolds which can be integrable but never normal.
In this classification, C}s-manifolds are defined by

(Vxo) (Y, Z) = n(X)n(Z)(Ven)eY —n(X)n(Y)(Ven)pZ. (8)
In [6] and [7], The (2n + 1)-dimensional Co-manifolds is characterized by:

(Vxe)Y =n(X) (w(Y)s +n(Y)ev), 9)
for all X and Y vector fields on M where w = —V,n is a differential 1-form

orthogonal to n and ¢ = —V,£ is a vector field such that w(X) = g(X, ).
Firstly, notice that the vector field 1 is perpendicular to £ because g(¢, &) =

—9(Veg, ) = 0.

Therefore, we present here the following definition:
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Definition 2.1 [6] Let (M*"*! ,&,n, ) be an almost contact manifold. M

1s called almost Cio-manifold if there exists a one-form w which satisfies
dn=wAn and d¢ = 0.

In addition, if N, = 0 we say that M is a Cio-manifold and we denote it by
(M, p,& 0, n,w,g).

In (9), putting Y = £ one can get
Vx{=-nX)Y and (Vxn)Y =-n(X)w(Y). (10)
For the three-dimensional, the following theorem has been proven

Theorem 2.2 [/] Let (M3, ¢,&,n,9) be a 3-dimensional almost contact metric
manifold. M is Cio-manifold if and only if

Vx§ = —n(X)y, (11)
for all vector field on M, or equivalently,
V,x§ = 0. (12)

Example 2.1 We denote the Cartesian coordinates in a 3-dimensional Fu-
clidean space R by (1, x,x3) and define a symmetric tensor field g by

p(1, To, 3)* 0 0
g= 0 T($1,$2,$3)2 0 )
0 0 o(z1, 19, 13)?

where p, T and o are functions on R® and pro # 0 everywhere. Further, we
define an almost contact metric (o,&,m) on R by

0 -1 0 1
¥ = 1 0 0 ) g:— 0 ) n:(paoao)
0 0 O 0

Notice that dn = padxy N dxy + psdrs A\ dry = w A n with w = %d@ + p—;dxg,

where p; = g—; (The index always indicates the derivative). Therefore

P = &61 + &62.
TP op

We give the following orthonormal basis

19 19 10

C= o = L ors

€1
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So, the components of the Levi-Civita connection corresponding to g are written

= P2, __ P3 = P2 = P3
v§£ = Tpel pgeg, Vg@l = Tp£7 v§€2 = paf,
T T T: T:
Ve, & = Zen, Ve er = =56 — Thea, Ve € = Zey,
—C _ O _ a o
V62£ = p_c1762’ V62€1 = ﬁeg, v6262 = —p—; - ﬁel

Using Theorem 2.2, one can check that (R3,¢,&,n,g) is a 3-parameter family
of Ca-manifolds if and only if

Ve, § = —nle)v = —nlei) <&61 + ﬁ@),
TP op
where i € {0,1,2} with eg =&, i.e.
Vee=—L2¢) - By V,E=V,6=0.
TP po
From the above components of the Levi-Civita connection, we get

7'120'1:0.

2.3 Kahlerian manifolds

An almost complex manifold with a Hermitian metric is called an almost Her-
mitian manifold. For an almost Hermitian manifold (N, J, h) we thus have

J? =1, h(JX,JY) = h(X,Y), (13)

for all X and Y vector fields on N. An almost complex structure J is integrable,
and hence the manifold is a complex manifold, if and only if its Nijenhuis tensor
N vanishes, with

Ny(X,Y)=JX,Y]+ [JX,JY] = J[X,JY] - JJX,Y]. (14)

For an almost Hermitian manifold (N, J, h), we define the fundamental Kéhler
form 2 as:

QX,Y) = h(X, JY). (15)
(N, J,h) is then called almost Kéhler if € is closed i.e. d2 = 0 where d

denotes the exterior derivative. It can be shown that this condition for (N, J, h)
to be almost Kahler is equivalent to

h(Vx )Y, Z) + h(VyJ)Z, X) + h(V2J)X,Y) = 0.

An almost Kéahler manifold with integrable J is called a K&hler manifold, and
thus is characterized by the conditions: df2 = 0 and N; = 0. One can prove
that these both conditions combined are equivalent with the single condition

V.J =0. (16)

For more background on almost complex structure manifolds, we recom-
mend the reference [18].
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2.4 p-Holomorphic and harmonic maps

A smooth map f : My — Ms between two almost contact metric manifolds
(M, @i, &5y gi) with @ € {1,2} is called to be a p-holomorphic map if

df o o1 = g odf, (17)

where df is the differential of f.

A smooth map F' : M — N between an almost contact metric manifold
(M, p,&,n,9) and an almost Hermitian manifold (N, J,h) is called to be a
(¢, J)-holomorphic map if its differential intertwines the structures, that is

dF o p = JodF. (18)

Let f: (M,g) = (N,h) be a smooth map between Riemannian manifolds.
Then its differential df is a section of the bundle TM ® f~*TN — M. This
bundle has a connection V induced from the Levi-Civita connection VM of M
and the pull back connection V. Then applying that connection to df gives
the second fundamental form of f

Vdf(X,Y) = Vidf (V) — df (VYY) (19)

for any X,Y € ['(TM). It easy to prove that a Vdf is symmetric. The section
7(f) € U(f71(T'N)) defined by

2m+1

7(f) = divdf = Z Vdf(e;, e;), (20)

where {ey, es, ..., €, } is a local orthonormal frame on M is called the tension
field of f.

We say that a map f : M — N between two Riemannian manifolds M and
N is harmonic if and only if [1, 9]

T(f) =0. (21)

3 Main results

3.1 Harmonic maps on (C>-Manifolds

First, let us point out an important note regarding what was mentioned in
some papers, such as [14, 15]. Tt is claimed in these two researches that for
any ¢-holomorphic map f between two Sasakian or trans-Sasakian manifolds
we have

0 = df (v1&1) = w2df (&1), (22)
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which implies that
df (&) = 0. (23)
But, if we apply ¢» in (22) we get

df (§1) = n2 (df(ﬁ))fm

and this is not necessarily zero. Moreover, in [13] it is also proved that if f is
a p-holomorphic map between two contact metric manifolds then, there exist
a € R% such that df(&1) = a&s. Unfortunately, all results based on formula
(23) in [14, 15] have failed so they require correction.

So, to confirm our remark, we propose a counterexample using the example
in [15] itself.

Example 3.1 Let (z,y, z) be Cartesian coordinates in R and define a sym-
metric tensor field g by

yP4+er 0 —y
g= 0 e 0 |,
-y 0 1

Further, we define an almost contact metric (p,&,n) on R3 by

0 -1 0 o
=1 0 0 [, fza—, n=dz — ydz.
0 —y 0 &

11
T 202"
let f be a p-holomorphic map from this trans-Sasakian manifold to itself defined

by

then, (R3,p,&,n,g) is a trans-Sasakian manifold of type (

C
flz,y,2) = (clx — ColY +C3; Cox + C1Y + C4; C12 — §2y2 + 05).

where ¢; € R. Then

cg —cg O
df = (&) C1 0
0 —cy

FEasily, we see that df () = 1€ # 0

3.2 Harmonic Maps between two (',-Manifolds

Theorem 3.1 Let (Mt @i &, mi,95) with i € {1,2} be two Cyio-manifolds
and f : My — My be a Riemannian @-holomorphic. Then, f is harmonic if

and only if df (1) = 0%y — 0&3(0)&2, where o = g (df (&1), &2).
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proof 3.2 Since f is p-holomorphic map then, we have

0= df(p1&1) = p2df (&),
which implies that
df(&) = o0& with o =mp(df(&)). (24)
From (19), we have
Vdf(&,6) = VL df (&) — df (V},6)
= Virendf (&) — df (Ve &),
with the help of (24) and (9), we get
Vdf (&1,61) = 0&(0)& — 0 + df (¢1). (25)
Also, from (19) and (9), we have
Vdf (X, 1Y) = @, Vdf (X,Y)
+ 2 (df (X)) (Wz(%df(y))& + 12 (df(Y))%%) ,
for any X,Y € I(Dy). Since Vdf is symmetric, we find
Vdf (X, 1Y) — Vdf (Y, 0, X) =
(2 (Af (X)) (20 (¥)) = me(dF (V) ) (220 (X)) ) .
Now put Y = 1 X in the above equation and doing the calculations we get
Vdf (X, X) + Vdf (01X, 01X) = na(df (X)) wa (df (X)) & (26)
Now the tension field of f is

ni

r(f) = 3 (Vdf (s, e0) + Vdf (rerp1e) ) + Vf (€1, ).

i=1

By virtue of (25) and (26) the above equations gives

T(f) = i: 2 (df (e:))wa (df (€5)) & + 0&a(0)& — oo + df (11). (27)

Since
2 (df (e:)) = —m2(df (£iei)) = —ma(padf (p1€:)) = 0,
thus
T(f) = 0&(0)& — aa + df (¥1),
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3.3 Harmonic Maps between (>-Manifolds and trans-
Sasakian ones

Theorem 3.3 Let (M @1, &,m, 91) and (M3 @q. €5, 1m9, g2) be a Cha-
manifold and a trans-Sasakian manifold respectively. Suppose that f : My —
My is a Riemannian p-holomorphic such that & € (Im df)*. Then f can not
be harmonic, provided By # 0 and df (1) = —0&2(0)&s.

proof 3.4 Firstly, one can check that
Vdf (&1,61) = df (1) + 0&5(0)&.
Depending on the above proof, from (19), (9) and (5) we have
Vdf (X, 1Y) = 0, Vdf(X,Y)
+ az (g2 (dF (X, dF (V))& — ma(df () df (X))
+ 8292 (2df (X), dF (V) & = ma(df (V) p2df (X) ).
for any X,Y € I(Dy). Using symmetry of Vdf, we get
Vdf(X, 1Y) — Vdf (Y, 01X) =
s (1o (Af (X)) dF (V) = ma (dF (V) df (X))
+ 52 (20 (2f (X), df (V) €2 + 1o (Af (X)) 2df (V) = ma (df (V) 2lf (X))
In the above equation, puttingY = o1 X and doing the calculations we obtain
Vdf (X, X) + Vdf (01X, 01X) = —aons (df (X)) padf (X)
+ B = 202 (df (X), df (X)) & + 1o (df (X)) + 1o (df (X)) df (X))~ (28)

Now the tension field of f is given by

ni

()= (@df(em e:) + Vdf (pre;, ¢1€i)) + Vdf (€1,€1).

i=1

By virtue of (28) the above equations gives

T(f) = df (1) + 0&a(0) &2 — v (df () ) 2df (e:)
+ 52( — 29 (df(ei), df(ei))fQ + 12 (df(ei))2€2 + 19 (df(ei))df(ei)) (29)

Since ny (df(ei)) =0, we get
T(f) = df (1) + 0&a(0)& — 2Bag2(df (e:), df (e:) ) o (30)
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We can choose an adopted local orthonormal frame {e1, ..., ey, p1€1, ..., 1€, &1 }
for ker df and {e}, ...,e,, pi€}, ..., pr€,} for (ker df)t, where 2p+2q =r+s =
2ny. Thus, the tension field of f is given by

7(f) = df (1) + 0&a(0)Ea — 5B2&a. (31)

which confirms our Theorem.

Corollary 3.5 Let (M7™ ™" o1, &, m1,g1) and (M3™", 05, &,1m2, g2) be a Cha-
manifold and an a-Sasakian manifold respectively. Suppose that f : My — M,
is a Riemannian @-holomorphic. Then f is harmonic if and only if df (1) =

—0&s(0)&a.

Proposition 3.6 Let (M2 o1, &,m1,91) and (M™%, 05, €5, 12, g2) be an
a-Sasakian manifold and a Cio-manifold respectively and let f : My — My be
a Riemannian p-holomorphic. Then, f is harmonic.

proof 3.7 One can adapt Theorems 3.1 and 3.3 .

3.4 Harmonic Maps between (C',-Manifolds and Kahlerian
manifolds
Theorem 3.8 Let (M*™ o, &, n,9) be a Cia-manifold and (N*",J h) be a

Kdahlerian manifold. Suppose that F' : M — N is a (¢, J)-holomorphic map.
Then, F' is harmonic if and only if ¢ € Ker dF'.

proof 3.9 To prove the harmonicity of F, it will be enough to prove that
T(F) = 0. For a (g, J)-holomorphic map we have the following formula for its
tension field see [10, 12]

J(7(F)) = dF (divp) — tryp, (32)

where B(X,Y) = (@XJ)(CIF(Y))
Let {eq, ..., €m, i, ..., Pem, &} be an orthonormal p-adapted local frame on T M .
Then

dive = Y ((Vep)es + (Vouip)ioei ) + (Vep) (33)

=1

From (9) we have

(Ve,p)ei = (Vo p)pes =0 and  (Vep)§ = @i,

Thus
dive = 1. (34)
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On the other hand as F' is (v, J)-holomorphic we have

J(dF(€)) = (dF(p€)) =
and thus dF(§) = 0. Now as N is a Kdahler manifold we obtain

NE

try8 = Y (Ve JAF () + (Voo YA (pe) ) + (Ve )dE(€)

1

(2

NE

(Ve DNAF (e5) + (Vg ) JdF (e:)) = 0.

1

(2

Finally by using Formula (32), we obtain
J(7(F)) = dF(¢v),

1.€.

T(F) = dF(¢),

which confirms our Theorem.

Theorem 3.10 Any (J, p)-holomorphic mapping F from a Kdhlerian mani-
fold (N*" J, h) to a Cio-manifold (M*™ ¢ & n,q) is a harmonic map.

proof 3.11 For a (J,¢)-holomorphic map we have a similar formula as (30)
o(T(F)) = dF(divJ) — try,f3, (35)

where B(X,Y) = (Vxp) (dF(Y)).

As N is a Kahler manifold we have

2n
div] =) (Ve J)e; = 0.

i=1

where {e; }1<i<on is an orthonormal local basis on TN . Now, using the formula
(9) we obtain

2n

traf = 3 (Veip)dF (e:)

=1

= Z (Ve ®)dF (e:)

—Zn (dF (e;) ( (wdF(e:))& +n(dF (e ))W)
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because
(dF(e;)) (dF(Je;)) (pdF(Je;)) =0
Thus
p(r(F)) =0,
that s

T(F) = n(r(F))¢.
We have just obtained that F is harmonic if and only if g(7(F),&) = 0.
On the other hand

2n

g(7(F),€) = Zg(@fidF(ei) — dF(Vgei),ﬁ)

i=1

- Z ( Ve dF (€:),€) —g(dF(vZei),é»
:_Z (Vi (pdF (Je), )+Z (paF (792es),€).

In the last equality we have used that N is Kahler and F is a (J, p)-holomorphic
map. Now the second term vanishes and we get

2n 2n

o(r(F).) = = 32 o((Vikip#) FUIED).€) = 3o (#V ey (aF () )

=—Z ((Vhheoe) (@F(Je)).€).

Using the formula (9) and the fact that n(dF'(e;)) = 0 we get

g(T(F),f) =0.

Therefore
T(F) =0.
which completes the proof.

Example 3.2 From Ezample 2.1, we have (R3¢, &,n, g) such that

p(z,y,2)° 0 0
9= 0 w(y, z) 0 :
0 0 o(y,z)?
0 -1 0 e
=1 0 0], E==10 |, n=(p,0,0)
0 0 0 P\ 0
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s a Co-manifold where w = p—;dy + %’dz, and

_P25+P3a

12pdy " 02p 0z

We consider (R?,J,h) the standard Kdihlerian manifold where h = du® + dv?
and JO, = 0,, JO, = —0,.
The smooth map F : R3 — R? defined by

F(U,U) = (Oé(x7y7 Z),ﬁ(lC,y,Z))-

F is a (¢, J)-holomorphic map if and only if the matriz

5 oB2+pag —oaz+ufs
1 = m
—oas+puBs  _ ofatpas )

_al p m

vanish. Using suitable software, the system of partial differential equations
gives three solutions:

F = const, F=(p(z),q(y)) with o= —Q,
F= (k‘(y,Z),ﬁ(x,y,Z)) with O-:_’uk_ﬁga 62:_k2k3 and Bl = 0.
2 3

We will continue to study this example using the second case i.e.

Y

F = (p(z),q(y)) with o= J

(0 0 P
(101,
Knowing that V]}faj = 0 where where {0y = 2,0, = £} is a local orthonor-

mal frame on R? and using the components of the Levi-Civita connection cor-
responding to g given in Fxample 2.1, one can check that

That s

0
r(F)=| &8 | = dF(y).

q'p2

w2p
Witch confirms Theorem 3.8.

To check the Theorem 8.10, we consider the smooth map H : R?* — R3
defined by
H(u,v) = (a(u,v),b(u,v), c(u, v)).
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H is a (J,p)-holomorphic map if and only if the matrix

45) —ax
oc1+pce pb1—oca

Y 1 ’
pbi—oca  ogcituce

1Y ©

vanish. So, the system of partial differential equations gives three solutions:

T

77

H = const, H = (A,ru—i—t,l(v)) with o=

H=(\s(v),mu+n) with o= —%.

where \,r,t,m,n € R. Using the second case 1i.e.

H=(\ru+tlw) with o= 7;—’7
That is

00

dH=1| r 0

0

Now, with simple calculations we find 7(H) = 0.

4 Open Problem

The question remains open about the stability of these results and their va-
lidity for divey) = const or w is closed or for dimensions greater than three. In
other words, what happens for the cases where divi) € {0,1} or dw = 0 or
dimM > 37.
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